Abstract. The Mean Spherical Approximation is solved exactly for a model liquid metal potential of the form
Introduction
In recent years the theoretical study of liquid metals has received considerable stimulus through the application of Monte Carlo and molecular dynamics techniques to the determination of structure factors, radial distribution functions and thermodynamic behaviour in pure liquid metals (Paskin and Rahman 1966 , Schiff 1969 , Murphy and Klein 1973 , Murphy 1977 , Cohen and Klein 1975 , Cohen et a1 1976 , Mountain 1978 as well as liquid metal alloys (Jacucci et al 1978) . These simulation techniques have been useful in evaluating proposed liquid metal potentials (for example, Duesbery and Taylor 1969 , Basinski et a1 1970 , Dagens et a1 1975 , mainly by comparison of the machine simulation structure factors with experimental structure factors. For instance, Murphy and Klein (1973) found that the potential proposed by Duesbery and Taylor (1969) yielded excellent agreement between the calculated structure factors and the experimental structure factors (Greenfield et a1 1971) for liquid sodium.
However, the treatment of liquid metals as classical fluids within a statistical mechanical formalism has not been as widespread. The classical statistical mechanics of simple fluids is now fairly well understood (for a review see, for example, Barker and Henderson 1976, Watts and McGee 1976) largely through a combination of machine simulations, the study of model systems and the application of various perturbation schemes to those model systems. In particular the model potentials which have been solved analytically within different approximations are : the non-interacting hard sphere potential (Wertheim 1963 , Thiele 1963 , the sticky hard sphere potential (Baxter 1968b ) and the hard core attractive Yukawa potential (Waisman 1973) . The usefulness of these models is that, in general, there are analytic expressions for the 0305-4608/79/081477 + 12 $01.00 @ 1979 The Institute of Physics 1477 thermodynamic functions and structure factors, and radial distribution functions may be easily calculated (Perram 1975 , Cummings et al 1976 , Cummings and Smith 1978a . The hard sphere model was used by Ashcroft and Lekner (1966) to account for the structure factor of liquid metals, and they found qualitative agreement with experimental values for the alkali metals. Jacobs and Anderson (1975) have applied the Weeks-Chandler-Anderson (WCA) perturbation theory to liquid metals to extract information concerning the repulsive force part of the liquid metal potential. In particular they found that much of the structure factor could be accounted for by using only the truncated potential, which in turn is related to a reference hard sphere system. Wehling et a / (1972) applied the WCA theory for the full potential; however that part of the structure factor which lies between k = 0 and the first peak has not been adequately accounted for in any of the perturbation schemes.
An important feature of liquid metals, as far as the finer details of the structure factor (and hence the thermodynamics and radial distribution functions) are concerned, is the existence of Friedel oscillations in the potential. It is thus of considerable interest to study an analytically solvable model system which has Friedel oscillations as one of its features. In $2 of this paper we give an outline of the analytic solution of the mean spherical approximation (MSA) of such a model potential, which has the form (1) r < R r > R .
This potential is an abstraction of a real liquid metal potential in two ways: first, the replacement of a soft core by a hard core of diameter R , and secondly the replacement of algebraic decay (typically r -3 or r W 5 ) by exponential decay. One way in which to relate the potential of the form (1) to be real liquid metal potential is to set p = 2kF and adjust z , A, and A2 in a least squares manner to a real liquid metal potential over some range of intermolecular distance r . MacInnes and Farquhar (1975a,b) solved the MSA for fluids of hard spheres interacting through short range angle dependent repulsion and long range multipolar attraction. They pointed out (1975a) , that, as a special case of their analysis, an exact solution of the MSA for a pseudopotential similar to that of a liquid metal was obtainable. The advantage in using a potential of the form (1) is that it is closely related to the attractive Yukawa interaction, for which the MSA is well understood (Cummings and Smith 1978a, b) .
In $3 we discuss the method of solving explicitly for all parameters generated in the solution, and show how structure factors and correlation functions may be obtained. In 54 we derive expressions for various thermodynamic functions.
Outline of solution
We begin with the Ornstein-Zernike (OZ) relation (Ornstein and Zernike 1914) dsc(s)h(ir -si) h(r) = c(r) + p s where h(r) is the total correlation function, p is the number density and r = IY(. The OZ relation defines a new function c(r), the direct correlation function, in terms of the total correlation function h(r), which is the deviation of the radial distribution function from its ideal gas value of 1, i.e.
The mean spherical approximation (MSA) for the potential of equation (1) consists of the exact hard core condition
and the approximate relation
where the L , = ( A i / k T ) , i = 1.2. To solve the system of equations (2), (4) and ( 5 ) we use the Wiener-Hopf factorisation technique of Baxter (1968a) . The Baxter factorisation technique has been applied to the closely related hard core Yukawa fluid ( H~y e and Blum 1977) and we note that setting p = 0 in equation (5) yields the hard core Yukawa fluid whose properties are well documented (Cummings and Smith 1978a, b) . Taking the three-dimensional Fourier transform of both sides of equation ( 2 ) we find
From equation (8), ?(k) has poles at k = k p k iz only. Equation (6) may be written as
Following Baxter (1968a) we define the function
and note that a ( k ) must have no zeros along the real axis, since for a disordered fluid h(k) is finite along the real k axis. The function d(k) may then be written as
where Q ( k ) is regular and has no zeros in the upper half plane. The details of this factorisation may be found in the appendix of Baxter (1968a) . We define a real valued function Q(r) by
-2
For r < 0, we close the integral in equation (12) around the upper half plane and find that
For r > R , we close the integral in (12) around the lower half plane where we use the analytic continuation of Q ( k ) into the lower half plane, namely A ( k ) / Q ( -k). We find, by evaluating the residues of A@), that
where 
JO2
We now define a function qo(r) by the relation
Fourier inversion of equation (10) using equation (1 1) gives
r Rewriting equation (9) as
and performing the Fourier inversion we find that
To find the form of qO(r) we substitute the hard core condition (4) and the expression for Q(r) from equation (19) into equation (23) for 0 < r < R . After some manipulation it can be seen that
where (Baxter 1968a) .
In deriving the solution we have generated six variables: a l , az, dl, dz, a and b. However the latter two are known explicitly via equation (29). Therefore we require four equations for the parameters E , , a z , d , and d z . Two of these equations are given by equations (15) and (16). We therefore require a further two equations. We use the method of H~y e and Blum (1977) . We rewrite equation (23) as
0
Noting that the integral on the right-hand side of equation (34) 
(37) Equation (35) This provides the final two equations required to completely determine all the parameters a l , ctz, dl and d Z .
Solving for the parameters a l , a t , dl and d2
In solving the four nonlinear equations for the parameters a l , x 2 , dl and d2 we must distinguish the solution set which is the physically correct one. We utilise the fact that the potential parameter p is density dependent in a real liquid metal. That is, (40) so that as v -0 (i.e. p -0 ) , p becomes very small and the potential for the system becomes
Considerable study has been given to the correct physical choice of the parameters a1 and dl in the low density Yukawa system (Henderson er ol 1975. Cummings and Smith 1978a ) so that at low density the choice of a, and d , is straightforward. An examination of the four simultaneous equations shows that at low density the other parameters are given by
Hence we may begin at low density. We use as starting solutions for the ai and di, a, and d l given by their Yukawa values and a 2 , d 2 given by equation (42). Once we have a solution at a given low density, we may use these solutions as starting solutions in the equations for a slightly higher density. By gradually incrementing the density q, and solving for the ai, di using as our initial guess the values at the previous density, we can solve the four simultaneous equations numerically, yielding the correct solution for a l , a 2 , d , and d 2 .
The structure factor S(k) is given very simply by combining equations (9), (10) and (1 1) and noting that for k real
The total correlation function h(r) may be calculated from equation (23). After rearrangement, equation (23) becomes, for r , > R ,
We use an extension of the method of Perram (1975) 
where (49) --c,s --exp(-zc)Eg-+ 2 n p exp [-z~( 1 - 
and
In comparing the results of the model we have introduced with experimental results it is necessary to find a scheme for setting the potential parameters z, ,U, Al. A 2 and R. There are many such schemes possible, including thermodynamically assigning the parameters in a type of Generalised Mean Spherical Approximation (GMSA) which has enjoyed considerable success in the theory of simple fluids Blum 1976, H~y e et a1 1974) . However the simplest way of assigning the parameters is to set p = 2kF and adjust z, A l , and A , to mimic the real potential via a least squares fit given a value for the hard sphere diameter R. The hard sphere diameter R may either be considered to be a variable whose value is chosen to optimise the fit of the calculated S ( k ) to the experimental value P T Cummirigs of S(k). or it may be set through blip function theory on the truncated repulsive force part of the real liquid metal potential (Jacobs and Anderson 1975) .
Derivation of thermodynamic functions
In deriving the thermodynamic functions for the model system we use the result of H0ye and Stell (1977) . The virial pressure p' and the energy pressure pE are given by
where the subscript HS refers to non-interacting hard sphere quantities at the same density and J is the integral 
Given the parameters r , , r 2 , d , and d 2 , equation (59) combined with equations (53) and (54) are analytic expressions for the virial and energy pressure. The compressibility pressure is, unfortunately, not given analytically, although its derivative is given by the inverse compressibility relation Thus some thermodynamic states will be accessible by numerical integration of equation (60).
Discussion
In this paper we have given the method of solution of the MSA for a model liquid metal potential, Nhich explicitly incorporates Friedel oscillations. The usefulness of this model depends on whether it demonstrates sensitivity to the existence of the Friedel oscillations in the potential, and N hether the inclusion of these oscillations gives rise to structural effects observed in real liquid metals. Work has begun on comparing the results of this model with experimental results for a wide range of liquid metals, and me hope to report on these comparisons in a future publication. Also we are investigating the use of the model introduced in this paper as a reference potential for perturbation theory calculations. since the inclusion of Friedel oscillations in the reference potential should provide a superior reference system to that of the noninteracting hard sphere fluid.
